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Let R be an r-element set and ~-  be a Sperner family of its subsets, that is, X~ Y for all 
different X, Y E ~  The maximum cardinality o f~ ' i s  determined under the conditions 1) c~_lXI ~-d 
for all XE°-f.(c and dare fixed integers) and 2) no k sets (k_~4, fixed integer) in °.~have an empty 
intersection. The result is mainly based on a theorem which is proved by induction, simultaneously 
with a theorem of Frankl. 

1. Introduction and results 

A Spernerfamily :~r= {X1, X2 .. . . .  X,} is a set o f  subsets o f  R =  {1, 2, ..., r} 
( r ~ 2 )  such that  none of  the subsets contains another  one. Let k=>3 be an integer. 
I~1 denotes the cardinality o f  ~ while IX] denotes the cardinality o f  X. 

k 

~( r ,  k) denotes the set of  all Sperner families f f  on R satisfying [.I Xij.~R 
1=1 

lbr all integers il, i~., ..., i k with l<=i1<iz<...<ik<=n. 
Let c and d be integers satisfying O<-c<=d<=r. 
Let ffic, d(r ,k)={~:  ~ q J ( r , k ) ,  c~_lXl<=d for all X ( f f } .  Finally let 

nc.d(r, k ) = m a x  {l~-I: ~EffJc, d(r, k)} if [~Jc, d(r, k)¢O. 

~ =  {X1, X2, ..., X,}~ff)c,d(r, k) holds if and only if 

~"  = { R \ X l ,  R \ X ~ ,  ..., R \ X , }  

is a Sperner family on R in which no k sets have an empty intersection, where r-d<= 
<-]X]<-r-c for all XE~- ' .  In this way we obtain analogous results for  Sperner 
families in which no k sets have an empty intersection. 

no,,(r, k) and nc, n(r, 3) were studied in a paper by Frankl [5] and several 
papers by the au thor  [9], [10] and [11]. 

In the present paper  we will consider nc, a(r, k) with k=>4. For  some values 
o f  c and d it is fairly easy to determine n~,n(r, k). We formulate  these results in the 
following proposit ions.  They are easy consequences of  the results o f  the papers 
mentioned above. 

AMS subject classification (1980): 05 C 65; 05 C 35 
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Proposition I ([9], Lemma 1). (fic, n(r, k ) ¢  Q (i.e. 
c<-r-1.  

Proposition 2 ([5], Theorem 1). 

n~.d(r, k) exists) i f  and only i f  

Proposition 3 

I( ,'-1 / 
"c,,,(", k) = ~[[(r-1)/2]) 

i t d ' 

.,.A>.k)=(;) 
r - - ]  

n0,r(", k )=  ([(r_ 1)/211, k=>4, 
we have immediately 

Proposilion 4 

~c,d(r ,  k) = 

I ' - -1 
i f  c >  2 

1"--1 }* 
if d ~ - - - > c > - - f i  

= 2 = 
t ' - - ]  !," (f - - 5 - - > d ~ c ~ T .  

r - -  ] 
- - = > d .  ( f  k 

was proved in Gronau [9]. Since nc, d(r, k)<-no,,(r, k) 

1"--1 

i f  ~l ~ , --fi>- c. 

I ' - - 1  . r 
The real problem, which we will solve in the present paper, is - -~>a>=-f f>c.  

Theorem 1. Let r -  1 r -  1 r --5-->d>= k-- ~ and -~>c. Then 

for r>-ro(k) (e.g. r o ( k ) = 7 k ( k -  1)+ 1). 

r - 1  r 
Theorem 2. Let .----=-_ > d ~--. > c. Then 

k--1 k 

l{ I " nc'a(r'/':) = /( d l) 
i f  c <= r - ( k -  1 ) d -  1, 

i f  c >- r - ( k - 1 ) d ,  

where d = -  
r - 1  

k - l + s  
[ 5kZ Y' 1). with fixede, 0 < e < l  and r>=ro(k, ~) (e.g. ro(k, ~)=[i-Z--~-f+ 

One of the basic results on Sperner families in which no k sets have the union 
R (or an empty intersection) is the following generalization of the Erd6s- -Ko- -  
Rado-Theorem [4] which is due to Frankl [5]. 
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I" 
Theorem 3. Let k>=2 and let d>=--~. Then 

We will give a very simple proof of  this result using the following theorem which 
is a generalization of a theorem of the author, presented in [10]. 

Theorem 4. Let r, d, s, k be given integers, satisfyhN k >=2, r~s>=d, k 'd>-s.  I f  o~ 
is a family of  d-element subsets of  R, let ~ a  (-~) be the family of  those s-element subsets 
of  R which are unions of  at most k sets of  , f  . Then 

I" YI r - - 1 ] [ r - d  J,Yl 

(1) IN:d('~)]=> s - 1 ) j  d [ , ' - l )d  ~ - s - - ~  " 

Remark. ff2d(~), in fact depends on k too, but since 1~¢~,,~+~)-7)! ~ [aJ2e, k(.7)i we 
may take ff*d (.~-) for the smallest k with k .  d ~ s  and have in this way a lower bound 
for all N*'s. 

('/ (;/ Corollary 1. / f  !,~-I= d ' then 1~2~(g)l-  - 

Corollary 2. I f  [ ~ - I ~ ( r d l / ,  then I ~ ] ' d ( - 7 ) l ~ ( r s l ) .  

We notice that there is a family .~-with J ~ ! = l r d l  j "  " and I.~g[a(,N)[--/r-l]" " 

e.g. y = { x :  x ~ R ,  Ixl=~/, reX}. 

Corollary3. I f  [,~-l> d ' then [(¢2;~C~)1~1, 

Theorem 4 was successfully used in solving a similar problem by Gronau [12]. 
In section 2 we will present SOlne necessary background results. In section 3 

we will prove theorems 3 and 4, while in section 4 and 5 theorems 1 and 2, respec- 
tively, will be proved. 

2. Background results 

If ~ is a family of subsets of R, then -~ (i=0, 1 . . . .  , r) denotes the family 
of sets belonging to -~ and having cardinality i, while the parameters Po, Pt . . . . .  Pr 
of ,~- are the numbers of sets in o~, o~ . . . . .  ~ ,  respectively. 

Let Po,Pt, ...,Pr be the parameters of a Sperner family on R. Lubell [16], 
Meshalkin [17] and Yamamoto [19] proved the following inequality 

r Pt ,  

which is called the L YM hwquality. 
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Let A ~ = { X :  XC=R, X= Y\{v}  for some YC~- and some vE Y}. If I ~ I ~  

~ i ' then from the Kruskal--Katona-Theorem [14], [15] we have 

(s) 
IA~I => - - [ ~ 1 .  {;) 

If  X and Y are two subsets of R, neither of which contains the other, write 
X <  Y if max {v: v ~ X \ Y } < m a x  {v: ~ Y \ X } .  This defines a total order of the 
sets of the same cardinality. Clements [1] and Daykin, Godfrey and Hilton [2] 
have shown that if ~ consists of the first p~ sets of cardinality i, A-~ consists of the 
first sets of cardinality ( i -  1), and if there is a Sperner family ~ with parameters 
Po,Pl,P,,_, ...,P, then there is a so called canonical Sperner family Sa~  with the 
same parameters. The family 5 a ~  is as follows. If m is the largest index such that 
p,,~O we take the first p,,, sets of cardinality m; then we take the first p,,_~ sets of 
cardinality m - 1  which are not contained by any sets of (Y'~),,; then we take 
the first P,,,-2 sets of cardinality m - 2  which are not contained by any sets of 
(Se-~'),,,IJ(6a-~),,,_j; and so on. Greene and Hilton [8] proved that if ~ belongs 

r - 1  
to tS(r, k) with parameters Po,Pl,. p,, where pi=O for all i ~  then 

.Sa~ belongs to (tiff, k), too; in fact no set in 5e~- contains the element r. 

3. Proofs of theorems 3 and 4 

3.1. If k= 2 ,  then Theorem 3 is the original Erd6s- -Ko--Rado-Theorem [4] (in 
the dual form). 

We will prove both theorems jointly by induction on k. If Theorem 3 is 
proved for certain k, we imply the statement of Theorem 4 for this k and then we 
prove Theorem 3 for k +  1. 

3.2. Let Theorem 3 be proved for a certain k (~2) .  Let us consider 

.~ = {X: X =c R, IX[ = d, X~ ~-} and 

~:~(:) = {x: x _c_ R, IXl = s, X¢ ~ : ~ ( ~ ) }  

If X is an arbitrary element of c~. ~-a  then there are 11o k sets X1, Xo, XkE 
s , d ~ O "  ) ,  • _ • . . ~  

such that X i s  the union of these  X,'s. Now we apply Theorem 3. At most ( s ~  1) 

d-element subsets of X belong t o - ~ ,  i.e., at least ( ~ ) - ( S d l  } d-element subsets 

of  X belong to ,~. On the other hand, each d-element subset of  R is contained in 

exactly (~ .~d)s-e lement  subsets of R. 



S P E R N E R  F A M I L I E S  29 

3.3. Let 

Hence, 

I~,*,A~)I - d s - d )  

• > r -  Since (k  1 ) d > = r - d  family ~ d , d ( r , k )  with 1~1 [ d l )  • 

and we may use Corollary 2 and obtain 

I' 
d ~  .--. We assume the statement of Theorem 3 is false, i.e., there is a - - k  

N* ,.,~(.f) exists 

Consider ** N;_a ,a(~)= {X: R\X~f~*_d,n(~)}. Since fg**d, ,( ,~)21~= ® 
wise there would exist k sets of o~ with union R) we get the contradiction 

(other- 

4. Proof of theorem 1 

r - 1  . r - I  
Let T > d ~ z - f .  Let .7  be a maximal family of (~Sc, n(r, k). Finally 

let Pl be the parameters of ~'.  

] " - ' I  
4.1. First we prove the statement of Theorem 1 for d =  ~ (Ix[ denotes the 

least integer not less than x). If Pd= 7-----]- d ' then the set ~* - l , e (~ )  of 

subsets of  R which are the union of  at most k -  1 sets of "~a satisfies 

IfaZl, d(~)l---/ 1, 

by Corollary 3. Without loss of generality let R\{r}~ff;t-l,e(,~a). Then there is 
no set belonging to ~ which contains the element r. Otherwise there exist at most 
k sets having the union R. Thus, .~- is a Sperner family o11 R \ { r }  and the LYM 
inequality yields the desired result immediately. 

r - d - 1  [ r ]  l e tuscons ide r  .9<Y;-~ . , - ~ LI ~-1 where If P e ~  r - 1  ,. ' 

and 
~0 = {x: x ~ y . ,  , .¢x}, 
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~o is a Sperner family on R \ { r }  and by means of the LYM inequality we have 

and 

pa I~l-pa - - - I -  -<_1, 

( rd l )  ( d2111 

r -d  - 

.~I'={X: XU{r}q°~,  r { X }  is a Sperner family on R \ { r }  with I X l ~ e - l =  
r . .  1 1  

=]r~--~-Ll]-I for all X , ~ '  which follows by Greene and Hilton's result. Thus, 
L K J  

(:') 
The statement of the theorem follows if 

,_2d (,._2) I'-'/ 
( r - d ) "  d - 1  = e - I  ' 

which is equivalent to 
r - 2 d  d-~-a r - d + l  + i  

Q(r, k ) -  ( r - d ) ( r - 1 )  i=0 [ /  e + i  - > t. 

Since 

Q(r, k) 
r - 2 d  ( r - e ] n - e  > 

( r - c 0 ( r -  l) t - Y - ~ )  = - -  

r--1 

3(r  l ) t  l, ) 

we have Q(r, k ) ~ l  for sufficiently large 1" (e.g. for r ~ T k ( k - 1 ) + l ) .  

d>~ 1r-1[ 2. Now let 0=]-FL--~[. We prove the statement of Theorem I by induction 

on d. If ~-C(fic, a(r, k), then ~ - ' = ( J \ o ~ ) U A ~  is a Sperner family and more- 
over it can be easily verified that ~" ~(fi~. a-t0", k). By induction hypothesis 

I'--I 

T,.eore,.1 3 y~e~ds I ~ I ~ ( " ~ ' )  a.~ t .o ~s. , t~ o~'~ectioo2 i,.,,~,,, 

(,l) [ 
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ana, 

( r - I  "I ( r -  
I l l  <= [ ,d_ l )+ [ ,  d 

Finally, we notice that {X: X~R, [Xl=d, r~X} belongs to 
cases. I 

ffc,d(r, k) in all 

5. Proof  of  theorem 2 

r - 1  r--1 
Let ~-Z-~-> d>  T => c. 

Since ~-'={X: Xc=R, IXl--d, r6~X}E(f¢,d(r,k) if c>-r-(k-1)d 
o~'U{X: XCR, IXI=r--(k-1)d-1, rEX}ENc, n(r,k) if c<=r--(k-1)d-1 
sufficient to prove for arbitrary JE(fi¢,a(r, k)" 

1~-]<=1( d 1) if c>=r-(k-1)d, 

r - 1  

and 
it is 

1 
r--I  ~-1, 

Xl 

Pd ÷ I ~ l - P ~ l  
(Z) 

d ( r - l l  r-2d 
I~I = t~"~1 <= ~ - d  d J + ~ - d  pa" 

and 

for r>=ro(k,e) and d = k _ l +  ~ with fixede, 0 < 5 < I .  

Let o~ be an arbitrary family of (tic, aft, k). Consider 6aJ.  5°~ is a Sperner 
family but not necessarily a family of (Sc, a(r, k). We decompose ~ in the sub- 
families N, ~ and ~ ,  defined as follows: 

is a subfamily with SP~ = {X: X E ~  ~, r~ X}, 

g = {x: x E g \ ~ ,  1t"1 =< r - ( k - 1 ) d - 1 } ,  

= {X: XE - ~ \ N ,  IX[ => r-(k-1)d}.  

5.1. 6eN is a Sperner family on R\{r} and the LYM inequality yields 
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5.2. I f  c>=r-(k-1)d, then [g]=0. If  c ~ r - ( k - l ) d - l ,  then 

, f  = {x: x ~  (r}eSqe~g),  ~¢ x} 

is a Sperner family on R\{r} with cardinality lgl and with IXl<-r-(k- l)d-2 
for all X ( J .  The LYM inequality yields 

and 

1 

x ~ g  

Ix] 

F- -1  

5.3. I f  min IX[<-r-(k- l)d-1,  then [ g f l = 0  and the statement follows imme- 

diately. Let IXl>-_r-(k-l)d for all XE~.  
Let f ~ - l ) a , d ( ~ )  be the set of  all (k -1 )d -e lement  subsets of  R which are 

the union of at most  ( k - I )  sets of ~ .  Furthermore, let 

~ck-l>~, ~ ( ~ )  = {x :  R \ x ~  ~¢~k- 1)d, ~ (~)}. 

Then ~U,,~gUq~t*k*--1)a,a(-~) is a Sperner family too. Clearly, N U ~  and 
f~** + ~  (k-1)d, nt dJ are Sperner families themselves. We notice that 

IXt>-_r-(k-1)d for all XC~U4~f and 

]XI = r - ( k - 1 ) d  for all ** XC ~(k- 1) ~, d (~a)- 

We have only to show that there is no pair (Y, Z)  with ** Y (  f ~ k _ l ) d , d ( , ~ d )  and 
Z E N U Y g  satisfying yc=z. Assume the contrary. Then there are k - I  sets 

k--1 
X1, ..., Xk-a belonging to ~ satisfying R \ Y =  U Xi. Hence, )(1 . . . .  , Xk_ 1 and 

i= l  
Z, all sets belonging to .~, have the union R, in contradiction to our assumption. 

/ "  = {x: x u  (rI~S'(~u ~e u ~** (~-1)~ ~,'~'~.,, reX} 

is a Sperner family on R\{r}. I f  q~, q" and q~' are the parameters of  the families 
J ' ,  out , and (~** +~o~ , ,, (k_l)d,d\~d], respectively, then qi=qi+l+qi+l. By Greene and Hilton's 
result (see section 2) we know that the cardinality of the sets of  J '  are upperbounded t ' ~ 3 1  

b y  e ~ /~----~-- / - -  l .  T h e  g Y M  i n e q u a l i t y ,  Theoren~_ 4 a n d  sin-lple e s t i n l a t i o n s  o f  

binomial coefficients yield 
1 

X " 

(k-1)d,  dl, °" d] t <--1 

(71) 
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and (k-l)d [r-d I~1 

,- -2  [ d  I - ( k - I ) d  r -1  ( k -  I)d 

T h u s ,  I.~1 = I-~1 + 1¢1 + I~1 ~f(p~) + Igl, where 

d ( r  1] r - 2 d  
,t(p9 = ~ d J +  r--7:zTP"+ 

+ e -  1 r - ( k - l ) d  ~ - -  r - ~  q ( k - l ) d  " 
d 

Theorem 3). pd= d implies f (pd)= r d l  . f(Pa) is a linear function in Pa. 

Hence, it is sufficient to show that the factor of Pa is nonnegative, i.e. 

or equivalently 

Then 

r--2d ( k -  l)d 
r - d  = r - ( k - l ) d  d ( r - l ) '  d 

Q(r, k, d) = ->[. 

( r - 2 d ) ( r - ( k - l ) d )  d~ r - d + i  > 
Q(r, k, d) = ( r -d)~(k  - l )  i=o e+i  = 

- r - - 1  

--> - -  (k - 2) kS 
4r -- 4r 

t 5k 'z ]2 
and Q ( r , k , d ) = l  for sufficiently large r e.g. t = [ l _ e  J , l, 

and 2 " ~ > ~  for nonnegative real numbers we obtain 

r - 1  4 
since -> 

r - 5  

r - - 1  2 / 
Q(r, k, d) >= - - 2  ~2 4;" >-f~-r  ( l - e ) - - - ~ J  _~ ( r - l ) (  l - e l l ,  k s ) => 1 | 

3* 
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6. Concluding remarks 

6.1. In [11], where the attthor discussed the case k = 3 ,  our method was presented 
in a more refined version. The proofs are complicated and extensive there. Using 
this refined method our results in Theorem 1 and 2 could be improved (i.e. the 
r0's) surely, but the proof would be much more laborious than that of [11]. 

A very important structural assertion on Sperner families is that every Sperner 
family has a canonical Sperner family with the same parameters (see section 2). 
If ~ t S ~ , d ( r ,  k), then Sag does not belong to (~c,a(r, k) in general. See e.g. the 
case k = 3 .  Let r=>7. Let .N consist of the sets {1, 2 . . . .  , r - 3 } ,  {i, r - 2 } ,  {i, r -  1} 
and {i,r} with i = 1 , 2  . . . .  , r - 3 .  Then -Y615o,,.(r, 3). 5 e ~  consists of  the sets 

{1, 2, ..., r--3}, 

{i, r - 2 }  (i = 1, 2, ..., r - 3 ) ,  

{i , r--1} (i = 1,2 . . . . .  r - -2)  and 

{i, r} (i = 1, 2 . . . . .  r--4).  

The 3 sets {1, 2 . . . .  , r - 3 } ,  { r - 2 ,  r -  1 }, and {I, r }, all sets of Y.,~, have the union R. 
It remains an open 

Problem. Under what conditions can be stated that ~E~gc, a(r, k ) implies 
5%~E f#c,d (r , k)? 

6.2. Using Corollary 3 we are able to find, for small r, a new upper bound for the 
maximum cardinality of the k-uniform, not/-intersecting families. More precisely, 
let n(r, k, l) denote the maximum size of a family of k-element subsets of R, I Rl=-r, 
such that [Xf~Y!,~I for all X, YE~-. If k>=l or 2 k - i > r ,  then obviously {r) 
n ( r , k , l ) =  k • Let k < l  and r>=2k-l .  As special cases, Ray-Chaudhuri and 

Wilson [18] proved 

(,) (2) n ( r ,  k,  l) :4- k - 1  ' 

and Deza, Erd6s, Frankl [3] resp. Frankl [6], [7] determined, for r>ro(k ) better 
and best upper bounds for n (r, k, l). n (r, k, 0) is determined in the E r d 6 s - - K o - -  
Rado theorem [4], while the extremal families are described in Hilton and Milner [13]. 

Theorem 5. 
[ 

(i) I f  r>=2k>=2 the,, n ( r , k , O ) = l k _ l  j .  

(ii) ~ is a maxhnal i f  and only i f  
a) r ¢ 2 k :  ~r consists of  all k-element subsets o f  R containing a f ixed 

element vE R. 
b) r = 2k: ~ contains exactly one set o f  ever), pair o f  complementary 

sets. 
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W e  are ab le  to i m p r o v e  (2) for small  r, n a m e l y  for  

2 k - l ~  r < 3 k + l - l - - -  
l" 

k - I  " 

Theorem 6. (i) Let /,->/:_el a ,d  r ~ 2 k - l ,  then 

k,{,) 
(3) t~(r, k, 1) ~ 2 k - I  k " 

(ii) I f  r = 2 k  l then (3) is sharp. ~"J is maximal i f  and only ~f ~ con- 
sists o f  all k-element subsets o f  R - { r } ,  for some f ixed vE R. 

Proof.  Let  .F  be a max i ma l  /~-uniform, n o t  / - in tersect ing family,  lYl=n(r, k, I), 
k>l=-=l, r>=2k-l.  

(i) The  con d i t i o n  iXI~I Y [ ¢ l  means  N~_ t , k ( ' , ~ )=  Q.  Coro l l a ry  3 
implies  (3). 

(ii) Let  r = 2 k - l .  Cons ide r  : ~ = { X :  R \ X E . N } .  Obvious ly ,  ~" is an  ( r - k ) -  
un i fo rm,  no t  0- in tersec t ing  family.  Also  T h e o r e m  5 yields 

- r - I ) .  

Since r = 2 k - l ~ - ' 2 k ,  the m a x i m a l  W ' s  are descr ibed  in T h e o r e m  5 (ii)a. The  cor-  

r e spond ing  ~ ' s  are the desired ones .  F ina l ly  we n o t e  tha t  ~ < k - 1  

t 2 
if and  on ly  if r<3k+l - l - k_ - - - - -  7 .  | 
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